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1. Introduction

Wave equations uy = Au + f(u) + g(u)W subject to random excitations have been thoroughly
studied in last years for its applications in physics, relativistic quantum mechanics and oceanography
(see e.g. [1-3,5,7-9,12-17,19,20,22-24] and references therein). The randomness in these equations
has been predominantly modeled by spatially homogeneous Wiener processes, i.e. by centered Gaus-
sian processes (W (t,x): t >0, x€ RY) satisfying

EW(t, )W, y) = (AT (x—y), t5>0,xyeR?,

for some function or even a distribution I" called the spatial correlation of W (see e.g. [25] for details).

Except for the works [5,16,19,20] and [22], the functions f, g:R — R were assumed to be globally
Lipschitz in the above cited papers. Global lipschitzianity of the real functions f and g allows one to
study the equation on the state space L%(R?Y) @ H~!(R?) where the Nemytski operators associated
to f and g are globally Lipschitz, the spatial correlation I" may be very general, e.g. a distribution
or at least a continuous function possibly unbounded at the origin, and, consequently, the solution
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and its derivative (u, u;) take values in LZ(R%) @ H~'(RY). If f,g:R — R are only locally Lipschitz
then various techniques of proof of existence of solutions - usually based on Lyapunov functions,
energy estimates, Sobolev embeddings or the fine Strichartz inequality - require the state space for
the solution to be the so-called “energy space” H'(RY) & L2(RY) (see e.g. [26]), the spatial correlation

I’ to be a bounded function and the spectral measure 1 = (Zn)dif to be a finite measure (cf. equality
(4.1) in this paper).
There is a few results concerning the stochastic wave equation

U = Au+ fu) + gw)W, u(0) = ug, u:(0) = vg (11)

on R? where f,g:R — R are general locally Lipschitz (or even merely continuous) functions that
we will survey, for purposes of instructiveness and notational simplicity, just for the equation with
polynomial nonlinearities

e = Au—uulP™ + uPW,  u© =up,  u0)=vo. (12)

It is known that global weak solutions (weak both in the probabilistic and in the PDE sense) exist
provided that (ug, vo) is an Zg-measurable [H!(R?) N LPT1(RY)] & L2(RY)-valued random variable,
W is a spatially homogeneous Wiener process with bounded spectral correlation I" (i.e. u = (ZN)%f
must be a finite measure) and

5 1
1§p§%<oo. (13)

In this case, paths of (u,u;) are known to take values in [H'(RY) N LPH(R%)] & L2(RY) and to be
weakly continuous in H!(R?) @ L2(R?). Pathwise uniqueness is in general an open problem. These
results were proved in [19] in a more general setting under, however, more stringent assumption
1<p< pzi < 00. An extension to the critical case p = pzi] is possible (details will be given in a
separate note).

Better results are known provided that either d <2, or d >3 and p,p €[1, %]. If (up, vo) is an

Fo-measurable H!(RY) @ L2(R%)-valued random variable and W is a spatially homogeneous Wiener
process with bounded spectral correlation I” then there exists a local mild H!(R?) & L%(R%)-valued
solution of (1.2), any weak H'(RY) & L2(R%)-valued local solution of (1.2) in the PDE sense is a mild
H'(RY) @ L2(RY)-norm continuous local solution, pathwise uniqueness holds in the class of H! (R%) &
L2(R%)-valued solutions and the unique solution is global provided that (1.3) holds (see [20]).

Since the case d < 2 was resolved in the above cited works satisfactorily, the attention was paid
to the case d > 3. It was proved that pathwise uniqueness holds among weak (in the PDE slense)

+

local solutions of (1.2) with H!(RY) @ L2(R%)-weakly continuous paths if p < j%% and p < 755 (ie.

the subcritical case) provided that the spectral measure yu = (271)%1’“\ of the spatially homogeneous
Wiener process W is finite and has a finite eth-moment for some small positive € = e(d, p, p) (see
[22]).

The aim of the present paper is to deal with the remaining problems in the subcritical case and
problems in the critical case p < % and p < g% (we remark that the critical case has not been
studied yet at all). Thus, we study

(1) pathwise uniqueness in the class of adapted processes with H!(RY) @ L2(R¢)-weakly continuous
paths,

(2) conditions under which local solutions with H'(R%) & L2(RY)-weakly continuous paths have
HY(RY) @ L2(RY)-norm continuous paths.
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It shows up that both (1) and (2) hold in the class of adapted processes z = (u, v) with H'(R%) &
L2(RY)-weakly continuous paths such that

uel] (Ry; Bq% (RY)) (14)

1
where q = 25%} and Bj (RY) is the homogeneous Besov space, provided that the spectral measure

= (Zn)%f of the spatially homogeneous Wiener process W is finite and has a finite eth-moment
for some small positive € = &(d, p, p).
This result makes the subcritical case p < diz p< gj completely resolved since the additional

2,
d+2 = _ d+1 ;
hypothesis (1.4) is always satisfied in this case (see [22]). Yet, the critical case p = 5, p = 55 is

resolved by this result only partially as the problem of existence of a solution of (1.2) satisfying (1.4)
is still open.
Let us also present the state of art for the deterministic Cauchy problem

ur=Au—ululPl, w0 =up,  u0)=vo (1.5)

on RY for d > 3. It is known that there exists a global solution u of (1.5) such that the path of (u, u;)
is weakly continuous in H'(RY) @ L2(RY) if p € [1, 00), ug € H'(RY) N LPTI(RY) and vy € L2(RY)
(see [27] or [29]), and this solution is norm continuous in H!(RY) @ L2(RY) and unique in the class
Cw(Ry; HYRY) @ L2(RY)) provided that p < g% (see [11]). If p= g“ then there exists a unique
global solution of (1.5) in the class

1

{u: (u, up) € Co (R Hl(]Rid) ® LZ(Rd)), uell (Ry:BZ))

where g =24t provided that ug € H'(R%) and v € L2(RY) (see [28]).

We aim at proving the stochastic equivalent of the above mentioned PDE results. We, however,
remark at this point that proofs of H!(RY) @ L2(R%)-norm continuity of solutions of deterministic
wave equations with subcritically and critically growing nonlinearities are based on time reversal (see
[11] and [28]) and this approach is not transferable to the case of SPDEs because of the presence of a
nondecreasing filtration on a probability space. Our proof is therefore conducted in a different way.

We also remark, for completeness, that neither uniqueness nor temporal regularity is known to

hold for (1.5) if p > dﬁ or for (1.1) if p > diz or p > gﬂ, and the energy functional (7.4) is not well

defined on the whole energy space H! @ L2 either. These are just few reasons why the exponents
p= g%% and p = % are called critical.

Results of this paper are based on the Strichartz inequalities for the wave group (T;) and on
estimations of the y-radonifying norm of T; o M, where My : & — h - & is a multiplication operator
from the RKHS of the Wiener process to a homogeneous Besov or a Lebesgue space. These (and other
preliminary and technical) results are collected in Appendix A of this paper.

2. Notation and conventions
The following notation and conventions will be used throughout this paper.

o Sk, Hc denote the separable Fréchet spaces of rapidly decreasing real/complex functions on R4
equipped with the pseudonorms

m=>=1,

lpllm= " sup  (1+x/™)|D*

xeR4, || <m

o S, (¢ denote the topological dual spaces to &, A, respectively,
e 2 denotes the space of real compactly supported smooth functions on RY,
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o %, %_1 denote the Fourier and the inverse Fourier transformations

Fox) =Qr)" ! f e CNgyydy,  F_1px) =(@m) "} / e'® Yo (y)dy,
Rd Rd

o 2 denotes the space of complex polynomials on RY,

e Z(X,Y) denotes the space of linear continuous operators from X to Y,

e % (X,Y) denotes the space of y-radonifying operators from X to Y (see Definition 5.1),
HS = HS2(RY), s € R, is the scale of Sobolev spaces on R¢,

B; denotes the homogeneous Besov space B;,Z(Rd) (see Appendix A),

e if 1 <r < oo then r’ denotes the Holder conjugate exponent 1 <1’ < oo such that % + % =1.
3. General assumptions
The following assumptions and hypotheses are imposed throughout this paper.

We work on RY for d > 3,

e 1 is a finite symmetric measure on RY, i.e. i(A) = u(—A) for every Borel A C RY,

any filtration (%;) of any probability space (£2, %, P) considered in this paper is assumed to be
right-continuous and complete, i.e. F; =), % t >0, and F € % for every P-negligible set
FeZ,

e f,g:R— R are locally Lipschitz functions satisfying

fO=g0=0, [f®[<cO+KPT), |g@|<c(1+xPT) (3.1)

d+2 d+1

for almost every x € R where p = 3%5, p= 35 and c € (0, 00).

4. Spatially homogeneous Wiener process

Following [25] (that we recommend as a good survey of properties and examples of spatially ho-
mogeneous Wiener processes), let . be a finite symmetric measure on R? (that we will call a spectral
measure) and let (£2, %, (%;), P) be a stochastic basis. A spatially homogeneous Wiener process with
spectral measure p may be introduced by two equivalent ways. The first one is to think of a centered
Gaussian process (W(t,x): t >0, xe€ RY) such that (W(t,x): t > 0) is an (F;)-Wiener process for
every x € R? and

E{W(s,x)W(t, y)} =min{s, t}"(x—y), t,5>0, x,y€RY,

where I" : R? — R is the Fourier transform of (271)’%;1. Another way is to consider an .#-valued
(Z¢)-Wiener process satisfying

E{<W(S)v (p0>(W(t)7 (p1>} = min{57 t}<$0» a])Lz(l,L)! t? S 2 Ov (p07 (pl € yR~

The equivalent assignment between W and W is given by the formula (see e.g. page 190 in [25])

(W(t),¢)=fW(t,X)<p(x)dx, t=0, g € Ik
Rd
The following proposition describes the reproducing kernel Hilbert space (RKHS) of a spatially

homogeneous Wiener process and some of its properties. It is, in fact, an extension of Lemma 1 in
[20].
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Proposition 4.1. Let W be a spatially homogeneous Wiener process with a finite spectral measure (. Then the
reproducing kernel Hilbert space of W (denoted by H,, ) is described as

Hu= (¥ v e LB(R 1), v (0 =¥ (-0},
(Wolk, Vi, = (o, Y1) 2o
H, is continuously embedded in the space of real continuous bounded functions on R and
18 > hEll gy, 12may) = Clhll 2 ggay,  h € LE(RY), (4.1)
18 > h&ll gy, 11y < Collkllogay, b€ LE(RY), (4.2)
hold for some constants ¢ = Cd[,u(]Rd)]%, cp € Ry and forany 6 € (%, 2].

Proof. All claims were proved in Proposition 1.2 in [25] and in Lemma 1 in [20] except for (4.2). For
let ¢ € Sr. Then

2 _ PEX)1 L /|¢(x SRVATEI G
;nmnw—z T =@ Z e dx

de

_ p(x —2)? ~
<@n) d/ ————dxpu(d2) <allgl?, <c2llols
1+ x|
R4 R4

where & = Yy t, k=1, is an ONB in Hy. If h € L?, let ¢; € . be such that lim;_, o [|6; — h|[s =0.
Then

> lhé -y < liminf )y ¢l -1 < caliminf(|gjl12, = callh|Z,
k _]—)OO k _]—)OO

by Fatou’s lemma. 0O

5. Stochastic integration

Before we pass to stochastic integrals with respect to spatially homogeneous Wiener processes, we
must recall the definition of y-radonifying operators and 2-smooth Banach spaces.

Definition 5.1. If H is a real separable Hilbert space and X is a separable Banach space, a linear
bounded operator A : H — X is y-radonifying if there exists a centered Gaussian probability measure
v on X with the covariance AA*. Such a measure is at most one, and in that case, we define

141150 = [ 112 va(do)
X

and denote by % (H, X) the set of y-radonifying operators from H to X.

The vector space (£2(Hy, X), |l - ll.&2,n,.x)) is a separable Banach space (see [18] or [21]) and
coincides with the space of Hilbert-Schmidt operators if X is a Hilbert space.



1584 M. Ondrejdt / J. Differential Equations 248 (2010) 1579-1602

Definition 5.2. A Banach space X is 2-smooth provided that there exists a constant ¢ < oo such that
lIx+ yII* + lIx = ylI> < 21IxII” + 2cllyl?, %y €X.

If W is a cylindrical (%;)-Wiener process on a real separable Hilbert space H then the stochas-
tic integral fOTde can be constructed as a random variable in X provided that h is an (%;)-
progressively measurable process with values in .2, (H, X) and

2
/ |hs) HxZ(H,X) ds < oo.
0

See [18,21] or [6] for details. We remark that H = H, if W is a spatially homogeneous Wiener process
with spectral measure L.

6. Solution
Let

(22, F, (%), P) be a stochastic basis,

1 be a finite symmetric measure on R,

W be a spatially homogeneous (%;)-Wiener process with spectral measure pu,

0 < T < oo be an accessible (%;)-stopping time (i.e. there exists a sequence of (%;)-stopping
times 1, < T a.s. such that , 1 T a.s.),

z = (u,v) be an (%;)-progressively measurable process with weakly continuous paths in
HL(RY) @ L2 (R?) defined on the (F;)-progressively measurable set {(t,w): 0 <t < T(w)}

and let

0
(u(p>,¢>=(u(0),<p)+/(V(s),<p>ds
0

o p p
<v(p),<p>:<v(0),<p)+/(u(s),A<p ds+/ (u(s)), ds+/ (u(s))dw, @) (6.1)
0 0 0

hold almost surely for every ¢ € 2 and every (%;)-stopping time p < t as. Here (a,b) =
Jra a(x)b(x) dx. The process z is then called a solution without further reference to (6.1) or (1.1).

Remark 6.1. Notice that f(u) and g(u) are (%;)-progressively measurable processes with locally
d d

bounded paths in L2(R%) + L#2 (RY) < H-1(R?) and [2(R%) + L#T (RY) < H~1 (RY), respectively. In

fact, the estimations

d+2 d+2

| f@, s <alfw) <ca(lull +hull 5 ) < es(lul + ),

L24 Ld

3 3
<es(llullp +lull ) <cs(lullg + lullg*)

I& > 800€ ] s, -0, < calle@l], 2 =

obtained with the help of (4.2) yield not only that the integrals in (6.1) are convergent but also that
(6.1) is equivalent with
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P
u(p):u(0)+/v(s)ds, (6.2)
0
P o o
v(,o)=v(O)+/Au(s)ds+/f(u(s))ds+/g(u(s))dW (6.3)
0 0 0

holding almost surely for every (.%;)-stopping time p < 7 a.s. The integral in (6.2) converges in L2
and the integrals in (6.3) converge in H™1.

As a consequence of norm continuity in L2 @ H~! and weak continuity in H! @ L? of paths of a
solution z, we get the following result by interpolation:

Theorem 6.2. If (z(t));~¢ is a solution and & > 0 then z € C([0, T); H!~¢ @ H~¢) as.
7. Main results

Let us start by a motivating example dealing with the subcritical case.

Example 7.1. It is known (see [22]) that if f and g have a subcritical growth, i.e. (3.1) holds for

p<$2, p <4t then there exists ¢ € [0, 7%;) such that

.1 .1
zell ([0,7);Bf ®By?) as. (7.1)

loc

where q = 23%}, z=(u,v) is a solution (understood in the sense of Section 6) and pathwise unique-

ness holds for (6.1) among adapted processes with H! @ L2-weakly continuous paths provided that

/(1 + 12I°) u(dz) < oo. (7.2)
Rd
We remark that the range [0, %) for € is universal for all p < % and p < % but not optimal

for particular p and p. For instance, existence of global solutions of (6.1) can be proved for many f, g
satisfying (3.1) for p < pzll (see e.g. [19]) and in this case pathwise uniqueness and (7.1) hold if (7.2)
is satisfied for some ¢ € [0, 1) (see Remarks 9 and 36 in [22]).

Remark 7.2. Existence of solutions satisfying (7.1) for the critical nonlinearities, i.e. for f and g satis-

fying (3.1) for p = &2, p = 41, will be dealt with in a separate paper.

Motivated by Example 7.1, we return back to the general case of nonlinearities of the critical
growth and finite spectral measure restricting however our attention to solutions in the class (7.1)
where we will prove regularity (sharpening the result in Theorem 6.2) and an energy estimate.

Theorem 7.3 (Regularity). Let the assumptions in Section 3 hold and let (7.1) be satisfied for a solution
(z(t))¢ <. Then almost all paths of z = (u, v) belong to C([0, T); H! & L?).

Theorem 7.4 (Energy). Let the assumptions in Section 3 hold, let (7.1) be satisfied for a solution (z(t))¢<<, let
f1, f2, F1, F2 : R — R satisfy

e f1(0) = f2(0) = F1(0) = F2(0) = F{(0) = F,(0) =0,
e f=fi+fa
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o fi, LEWEPR), F1,F,e WEXR), f], Fj € L°(R),

o |5+ IFI()| < c|r|uf%2 fora.e.r € R and some ¢ < oo.

loc

L% ([0, 7); L?) and there exists M € Fo, P(M) = 1, such that

! . l
Then almost all paths of f(u) and F,(u) belong to LY ([0, 7); qu,), almost all paths of g(u) belong to

t

e(z(t, w)) =e(z(0, w)) + I(t, ) +/(v(s, w), f1(u(s, w)) + Fi(u(s, w))),» ds

0

¢ ,
+/(v(s, w), f2(u(s, w)) + F5(u(s, w))) 3 .3 ds—}-%/ lg(uts, w)) Hiz ds (7.3)
0 ' 0

Bg “ x
holds for every w € M and every t € [0, T (w)) where
e(z) = 1||Vu||2 + 1||v||2 + | Fiwydx+ [ Fa(uydx, z=(u,v)eH'@L? (7.4)
- 2 2 2 12 1 2 ’ - ’ ) .
R4 R4
and I is a progressively measurable process with continuous paths defined on {(t, w): t < T(w)} such that

o
1(p) :/(v(s),g(u(s))dW)L2 as.

0
holds for every (%;)-stopping time p satisfying p < T a.s.
Concerning pathwise uniqueness of solutions of (6.1) in the critical case, we introduce a weaker

hypothesis than (7.1), namely we say that (7.5) is satisfied for a solution z = (u, v) defined on [0, T)
provided that

uell (10,7); L5(RY)) as. (7.5)

loc

where s = 2%. Indeed, (7.1) implies (7.5) by Lemma A.7.

Theorem 7.5 (Pathwise uniqueness). Let the assumptions in Section 3 hold and let (zi(t))t<,i, i=1,2, betwo

solutions with respect to a spatially homogeneous Wiener process W such that z' (0) = z2(0) a.s. and (7.5) is
satisfied for z!, z2. Then z!(t) = Z2(t) forevery t < t! A T2 ass.

Theorem 7.6 (Second component regularity). Let the assumptions in Section 3 hold and let (z(t))¢<; be a
solution with respect to a spatially homogeneous Wiener process W whose spectral measure (4 satisfies

4 e
/(Hlyl)d“+ p(dy) < oo (7.6)
Rd

.1
for some & > 0. Then z satisfies (7.1) if and only if u € Lfoc([O, ), B§) a.s. where q = 2%.
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Remark 7.7. The condition (7.6) may be relaxed if g’ has a subcritical growth. For instance, we can

often prove existence of global solutions provided that |g’(t)| < (1 + |t|ﬁ) for a.e. t € R (cf. [19]),
and in this case (7.6) may be replaced by

/( +|y|) M(dJ/)<OO

Rd
in Theorem 7.6 (see Remark 9.2).

8. Proof of Theorems 7.3 and 7.4

The proof is divided into eleven steps.

Step 0. H'! @ L2-continuity of paths of z (i.e. Theorem 7.3) follows from (7.3), i.e. from Theorem 7.4.
Indeed, choosing Fq(x) = %|x|2 and F2(x) =0 in (7.3) we get that almost every path of |z]|y1g2 is
continuous on [0, 7). Hence z € C([0, T); H' @ L?) a.s. as weak H! @ L2-continuity of paths of z was

assumed.
.1
Step 1. Let us prove Theorem 7.4. Paths of f>(u) and F/(u) belong to Lloc([O T); Bz) a.s. and paths

of g(u) belong to loc([O 7); L?) as. by Lemma A.7. This is apparent for f, and F’ In case of g,
find locally Lipschitz functions g1, g such that g = g1 + g2, £1(0) = g2(0) =0, ||g] e < o0 and

lg5 (0l <CIXI%- Then ||g1(W)|l2 < cllull;2 and
Tn
2@l 02y < 1 [ a0 de <co / ol Juce)| 1 de
0

<colul? ||u||

Lm((o H1) SO0 as.
L9((0,n); B )

2d+l

for every n € N where s = by Lemma A.7.

Step 2. Let n > 1 be fixed and let b; be a smooth compactly supported density on R? and de-
fine b (x) = miby(mx), x € RY, and z, = (um, vin) Whose components are defined for t > 0 by the
formulae

t

Um(t) =bm xu(0) + / 1is<z1bm * v(S)ds,
0
t

Vi (t) = b * v(0) + / 1js<t) { Abm * u(s) + b * f (u(s)) } ds
0

t
+/1[3<fn]bm>k[g(u(s))dW]. (8.1)
0

Observing that & — by, x& : H~' — HX is continuous for every k > 0 (by the Young inequality), the
integrals in (8.1) converge in H¥ for every k >0 and z; is an adapted process with continuous paths
in H* @ H*, k > 0. Moreover, by (6.2), (6.3) and by continuity of paths,

Zm(t) =bm x z(t), tel0, 1], as. (8.2)
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Step 3. Assume that h: R — R is smooth, h(0) =h’(0) =0 and k > %, ie. H* € ¢} continuously
where C is the space of bounded continuous functions on R? equipped with the supremal norm. The
function

1 1
en(2) =S IVulf, + S IvIE +/h(u<x>) dx, z=(u,v)eH"®H",

is twice continuously differentiable on H* & H* and
e (2)a=(Vu,Vai) ;2 + (v,a2) 2 +/h’(u(x))a1(x) dx,
Rd

e (2)(a, w) = (Vwq, Vay) 2 + (wa, a2) )2 +/h”(u(x))a1(x)w1(x) dx
Rd

hold for z = (u, v), a= (a1, az), w = (Wq, wp) € H* @ H¥. The 1t6 formula (see e.g. Theorem 4.17 in
[6]) now yields

tATy
en(zm(t)) =ep(zm(0)) + /(vm(s),bm *[g(u(s)) dW]),»
0
tATy EATh
+ / (Vum(s), Vbm * v(s)),, ds + f (Vim(s), Abm % u(s)) , ds
0 0
t/\fn t/\'fn
+ / (vin(s), by * f(u(s))),2 ds + / {bm * v(s), h' (um(s))),2 ds
0 0

tATh

+3 Z/Hbm* (u(®)er] > ds, t>0,

almost surely where (ex) is any ONB in H,,. Observe that, if s < 7;, then, almost surely,

(Vum(s), Vb 5 v(5)),2 = (Vb % u(s), Vb % v(s)),2
—(Abm % u(s), b % v(9)) 2
= —(Abp * u(s), Vm(5)) >

by (8.2) and the integration by parts formula, so

tATH
en(zm(t)) =ep(zm(0)) + /(vm(s),bm*[g(u(s))dW])Lz
0
tATy ATy

+ /(vm(s),bm*f(u(s))>L2ds+ /<bm*V(5),h/(um(5))>de5

0 0
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tATh

1
+5% [ Iburlew)edlids. >0, 3)
k o

almost surely.

Step 4. Formula (8.3) holds also for h € WZ‘OO(R), h(0) = h’(0) = 0 since, if § is a smooth compactly

loc

supported density on R and §;(x) = j8(jx), the functions
hj(x) =8 xh(x) —x8;xh'(0) — §jxh(0), xeR, j>1,

satisfy h;(0) = h;(O) =0 and hj — h, h’j — h’ uniformly on bounded sets in R and sup; |h;-’| is a
locally bounded function on R. In particular,

|hjx) —heo| < Crlxl®, |00 —h' ()| < Crlxl, [XI<R, j>1.

So, if we realize that lumll 2 qraync, ey 1S uniformly bounded on every interval [0, T], hj(un(t)) —
h(um(t)) in L1(RY) ass. for every t >0, W (m (©)) = B (U (®)) in L2(R%) as. for every t >0 and

sup{ || hj(um(®)) ”U(Rd) + ||h/j(um(t))||L2(Rd): j>1,t<T}<o0 as.

So we may pass to the limit in (8.3) for h; arriving to (8.3) for h.

Step 5. Putting h = F{ + F» in (8.3) and using (8.2) and Remark A.4, we obtain

tATy
e(bm * z(t A Tp)) = e(bp * 2(0)) + / (bm * v (), b * [g(u(s)) dW]),
0
tATy
+ / (bm * v(5), b * f1(u(s)) + F{(bm * u(s))),» ds
0
tATh
+ / (bm # v(s), b * f2(u(s)) + F5(bm * u(s))>37% 3 ds
0 L
) tATy
32 [ Ibnx[sw)ed fds. ¢>o (8.4)
<0

R |
almost surely. This formula is correct since (u,v) € B; ® Bg 2 for almost all (t,w) by (7.1) and byx:
.41 .41 L1
B;EZ — quz by Lemma A.5. Also by * fo(u) + F (b *u) € qu, for almost all (t, w) by Lemma A.7. Let
us deal with all terms in (8.4).

Step 6. The term by, * z(t A Ty) — z(t A T) in H' @ L2 for every (t,w) so e(by * z(t A Tp)) —
e(z(t A 1)) and e(by, * z(0)) — e(z(0)) for every (t, w).

Step 7. It holds that

\(bm # v, b # [gex]) o |* < V1% gwex]
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and

0

> [ vl as = [ vl la@s) fds <o as.
k 0

by (4.1) since paths of v are locally bounded in L? and paths of g(u) are locally L%-integrable in L2
almost surely as shown in Step 1. Thus, by the Lebesgue dominated convergence theorem,

m—o0

lim Z/Kbm *V(), b x [g(u(s))er])2 — (v(s). g(u(s))ex) lzds =0 as.,
k o

SO

tAT, tATh

lim { sup / (bm * v(s), b * [g(u(s)) dW]) » — / (v(s). g(u(s))dw),,

meoo{ogth
0 0

}:0

in probability for every T > 0 by Proposition 4.1 in [21].
Step 8. It holds that

|(bm % v, b 5 f1(u) + Fy (b % w)),2| < cl[vl2ull 2

as fy, F{ are Lipschitz functions, hence, by the Lebesgue dominated convergence theorem,

Tn
mlgnm/ |(bm # v(5), b * f1(u(5)) + F (b * u(s))),2 — (v(5), f1(u(s)) + F{(u(s))),2|ds =0
0

on £2 since paths of v and u are locally bounded in L2.

Step 9. It holds that

(b s v, b * f2(u) + Fy (b * u)) | <clvll

B

B

q

1
2

N—

(If2] 3+ [Fabm=w] 1)
B B

/

1
5.
q ><Bq

q

4
-1 @d-d-2)
<ellvi gl

. H1
q qu
by Corollary A.3, Lemmas A.5 and A.7, and
T 4
q—1 @=NDd=2) -1
f v 3 Tu@ [ ue] g ds<ivi g 1 ulleqo g pt)
; By ? By LIO.m):Bg *) 19((0.70):B7)

which is finite almost surely by (7.1). Next

Jim b v =vi__y + b+ fo) — o] _4]=0

2
q Bq
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for almost all (t, w) by Lemmas A.5 and A.7. It also holds that

lim | Fy(bm*u)—Fow)| 2« =0,
m— o0 Ld+2 (Rd)
SO
lim (0, Fy(bm=w)) 1 1 =(0,Fow) _1 1
A {6 Fa (B >Bq2><Bq2/ (0.7 >quxg;,

.1
holds for every 6 € 2¢ and since F)(by, *u) is bounded in B;, by Lemma A.7 for almost all (t, w)

.1
and Z¢ is dense in By > by Proposition A.1,

lim (v, F5(bp*u)) 1 1 =(v,FoWw) 1 1
s £ (Dm -1 .1 W) 11
m—>°°< >Bq “xBj ( >Bq “xBj

holds for almost all (t, w). We have thus proved that

11— (v, L)+ Fyw) 1
2,52 < 2 )quxs

Tn
lim /|<bm #V, b * f2(u) + F(bm * 1)) _ 1]ds=0
m—>ooo Bq q 2/

q

almost surely by the Lebesgue dominated convergence theorem.

Step 10. The inequality ||bm * [g(u)ek]nf2 < Hg(u)ekni2 holds and

Tn Tn
| g (ucs))ex| 2 ds=c? g 2 ds<oo as.
L L
ko 0
by (4.1) and Step 1, so

Jim 3 [ 11w+ [euo)ed|7: - Ja(u)ed|ds o
k

0
almost surely by the Lebesgue dominated convergence theorem. The equality (7.3) is finally proved.

9. Proofs of Theorems 7.5 and 7.6

Let us introduce operators

_( ke K
Tt_<AK[ 1<t>’ teR, (9.1)

where K& = 9‘,1(% - F&) and K& = F_q(cos(t]x|) - FE&) for & € &'. By e.g. Proposition 20
in [22], the linear operators (T;) form a Co-group on %’ @ 2’ as well as on L[> @® H™! and the

infinitesimal generator is
0 I
A0

whose domain is, in the latter case, H! @ L2.
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Lemma 9.1. Let z = (u, v) be a solution defined on [0, T) and let p be an (%;)-stopping time such that p < t
a.s. Define

t t

0 0
zp(t) =Tez(0) + / lo.p$)Tes (f (u(s))) e / 1.0 OTe-s (gw))) w
0

0

fort > 0.Then z(t) =z, (t) fort € [0, p] as.

Proof. The integrals converge in L> @ H~! by Remark 6.1 and

t

up(t):u(O)—i-/vp(s)ds, (9.2)
0
t tAp tAp
vp(t):v(O)+A/up(s)ds+ / f(u(s))ds-l—/g(u(s))dw (93)
0 0 0

holds a.s. for every t > 0 where the integral in (9.2) converges in L? and the integrals in (9.3) converge
in H~1, by the Chojnowska-Michalik theorem (see [4] or Theorem 12 in [21]). Taking the difference
n (6.2), (6.3) and (9.2), (9.3), we get

t t

up(t)—u(t)=/vp(s)—v(s)ds, vp(t)—v(t)=A/up(s)—u(s)ds
0 0

for every t < p almost surely, hence z(t) = z,(t) for t € [0, p] a.s. by uniqueness of the deterministic
wave equation ¥ = A in the Hilbert space 2@ H~!. O

9.1. Proof of Theorem 7.5
Introduce (%#;)-stopping times

ad=nnat} AT,

o) =o) ninflt < 7' ||Z! O g2 >n} A inf{t < 7% |22 O] yrgrz >}
ol =0, Ainflt <" AT u'(®) —u®)]|, > 0],

t*=inf{t < ' AT u'(®) —uP©®)|| ;> 0}

with the convention inf ¥ = oo, and the process

t

VO = [ 1oz + [0 O + 20 )ar, >0
0

where s = 2‘”] The adapted process V has continuous paths almost surely by (7.5), for we may
define an (3?[) stoppmg time

ps =0, Anf{t>0: V(t) > ¢}, e€(0,1).



M. Ondrejdt / J. Differential Equations 248 (2010) 1579-1602 1593

We have, for t € [0, n],

Ellup, 0 —u3, ®],
t 0
<c2| [ 001K 1 000) - 120
0
¢ 2
+ CE|:[ 110,p,1(1) ”Kf—f °© (g(u1(r)) - g(uz(r))) “ffz(HM,Lq) dri|
0
‘ d-1 A4 4 ¢
< cE[ f 10,0 (Nt = N7 [u' () = u? @) o (1 + [u' O 52 + [u?@) IISJZ)dr}
0
; 5 ) 6 _6_ :
+CE|:/1[O,p£](r)(t -0 u' ) O (1 + e O 7 + et o Hf;z)dr:|
0
: d—1 4 A4 ¢
=@Uﬂdmmww7WWm—wmmuﬂWmMHWAwwwﬂ
0
t

_6_ _6_
e8] [ 00 ) 0 (14 0 £ 4 Do )|

0

)
2

by the Burkholder inequality (see e.g. [21]), Lemma A.9 and Proposition A.11. Here ¢ = C4n f g 1.6
may differ from step to another. Choosing 6 € (s, c0) we can use Lemma A.12 to obtain

n o0
]E/\Iuljg(t)—Uf)g<t)|!fqd‘<CE[/‘[@?’M(”H”%_uz(r)”iqdr}[wpg)%+V(p8)%]
0 0
o0
<ceﬁE[/l[UE,ps](r)Hul(r)—Uz(r)”(zq dri|,
0
SO
Pe
& [ ' -l ar=0 .
o

for small ¢ as ul = ui,g on [0, pe] by Lemma 9.1. Hence u' = u? on [0, p¢] by (9.4) which yields

t* > pe, consequently o,) <t* (otherwise, by definition, (rnz =t* and V(p:) = ¢ so it would hold that

V =0 on [0,02] = [0, t*] hence p; > t*). But o} 4 ! A T2
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9.2. Proof of Theorem 7.6

The process z" = (u", v") = 1[\|Z(0)\|H1@Lz<n]z defined on [0, 7) is a solution of (6.1) since f(0) =
£(0) = 0. Introduce the (%#;)-stopping times

ol =infl{t <7: |Z"(®) |1z > 1}

t
0,}:inf{t<r: /||u”(r)||q1dr>n],
BZ
0 q

05l
Pn=NATyAC, A0,

with the convention inf # = oo, and a process Z" = (U", V")

t

t
'O =Tz O+ / 1o, () Tes (f(ug(s))> dst / 10,0 ()Tes (g(u(”)(s))> aw
0 0

for t > 0. We obtain, with the constant ¢ changing from line to line and depending on d, n, q, u, f
and g, the inequality

n n
Efuv"(t)ug dtch/an"(m”?l dt
0 Bg? 0 B @B, 2

n t .
+CE/|:/1[0,Pn)(r)Hktr(f(un(r)))”._ldr:| dt
Bq 2
0 -0
n t %
e [| [om@licros@o)ll, =~y | a
. &5(Hu,Bg ?)
0 -0
=h+h+13

1
by the Burkholder inequality (see e.g. (5.1) in [21]) as B;i is a 2-smooth Banach space by Propo-
sition A.1. Decomposing f = fo + f1 and g = go + g1 so that fj, g; are locally Lipschitz functions
for i =1, 2 such that fy, go are compactly supported and f = fy, g = go on a neighborhood around
0 € R. Then

I < CE[[ 20 }1 g2 < enf

by Proposition A.10. If r < p, then

[Ker(fo (" @) 3 <cu" )] <en,
q

_ 4
[er (R @)y <cle—rI5 [u@)] ) a2
By qu Ld-2

<clt — =8 |unry
Bf
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by Lemma A.8. Hence
Pn q—1
Izgc—i—dE(/ ||u”(r)||q1dr) <c
BZ
0 q

by the Hardy-Littlewood-Sobolev inequality. If r < p, then

K
Jeer o gofu” “))”mﬂ o)

<Cf | Ke—r (e go(u (r)))||. 3 w(dy)

gc/(l + |y|5)||u”(r)||f,1 p(dy) < cn?,
Rd

K
| Ke—r o g1 (u" (r))szmu i)

<C/ [ Ke—r(e") g1 (u (r)))H. 3 m(dy)

<cf|t P72 |u” (r)||2+"(1 2y ()Hd 27102 dy)

+c/|t P2y PG ED |y (r)l}"(l 1y ()HZ“ 2I0ED | ay)
Rd
_ 2dw
<clt — |72 |u" (r)||2+"“ w Hu"(r)”‘?(; =1 (9.5)
q Bq

by Proposition A.11 and Lemma A.8 where % <w < & is chosen so that 2(% + ) <75 +e

Hence

Pn Zq_a On zq_ﬂ
I3 <C+C]E|:/ lu" |, dr:| +CE|:[ ||u”(r)||""9l dri|
B? BZ
0 q 0 I

q0
2a

Pn % Pn
<C+C]E|:/ Hu"(r)”qldr:| +CE|:/ Hu"(r)||q1dr:| <c
B2 B2
0 a 0 q
q(1-3)

by the Hardy-Littlewood-Sobolev inequality where a € R satisfies 2W+ - = 1+ and 6 = m S
(0, 1). This result with Lemma 9.1 imply that

Pn
E/ ||v”(r)||q_l dr < oo
B 2
0 q
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as pp<nand v" =V" on [0, p,] a.s., hence

Pn Pn
1[|IZ(0)IIH1@L2<H]/ ||V(r)||2_% dr=/ ||V"(r)||2_% dr<oo as.
0 q 0 q

and we get the result from the fact that limp, =7 as.

Remark 9.2. As far as Remark 7.7 is concerned, the proof of Theorem 7.6 must be modified in the
inequality (9.5) which goes, for r < oy, as

. 2 J i(y,) 2
lkrogem)l, oy <e / Ji (e g () [y e
R

4 2d
<c [I® Ly w5 + 191 oo % ]y
i Bq d-2 d-2
R

<c(t+um]?y)
Bq

by Proposition A.11 and Lemma A.8. Hence
Pn
I3 < c+c]E/ Ju"@|*, dr<c.
BZ
0 q
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Appendix A. Homogeneous Besov spaces
A.1. Basic properties

Let us introduce the vector space
% ={pe Fc: D*P(0)=0, a € N}

= {gae&”@: /x"‘w(x)dx:O, aeNg}
Rd

that we equip with the topology of ¢, and let & be its dual space. It can be shown (see 5.1.2
in [30]) that every T € 2 can be extended to a distribution S € #, ie. T €S, and any other
distribution S € ¢ extends T if and only if S — S is a polynomial. Hence 2 is isomorphic to
/P where & denotes the space of polynomials. Moreover, if ¢; € C®(RY) are real functions
with supports in {2/~ < |x| < 2/t1} and Yjezdi=10n RY\ {0} then we define
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. 2
nTllgg:{ZZZJSI>T*%‘“¢1||fr<Rd>} . TeZ
JjeZ

E:{TeQ%HTM¢<w} (A1)

for seR, 1<r<oo where % and %! are the Fourier and the inverse Fourier transformations,
respectively.

Proposition A.1. Let s € R. The space (B, || - llgs) is @ Banach space for 1 < r < oo which is separable if 1 <

r < oo, reflexive if 1 < r < oo and 2-smooth if 2 < r < oo. Moreover, % is dense in B§ and B;S =(Z, |- ||B§)*
if1<r<oo.

Proof. See Theorem 5.1.5 in [30] for completeness, density of 2 and separability. The space Bﬁ is re-
flexive, resp. 2-smooth as it is isomorphic with a closed subspace of I5(Z; L") and the duality between
Br’,S = (B$)* can be proved analogously to the proof of Theorem 2.11.2 in [30]. O
Remark A.2. The space % is dense in L" for 1 <r < co. See Theorems 5.2.3/1 and 5.1.5 in [30].
Corollary A.3. Let 1 < r < oo. The bilinear form defined by the dual pairing

. )

B.” x Z—->C:(5,¢)— (S,0)
extends in a unique way to a continuous bilinear form

foB}»C:SJUHw&TM?wr
Proof. This is a consequence of the duality B = (%, || - llg)* (see Proposition A1). O

RemarkA4. If 1 <r <oo, hy € L2N B;S, hy € L2 N B then

<h1’h2>3,73x3§ =/h1(x)h2(x)dx.
Rd

This equality follows from density of 2 in Bg NL? for any a € R and 1 < b < oo which can be proved
by the same procedure as was used in the proof of Theorem 5.1.5 in [30], cf. Theorem 2.3.3 in [30].

Lemma A.5. Letr,a,b € [1, 0] and s € R satisfy

1,10
a b r

Then
IS %@l g < min{ IS s 01l oy 1901155 1S 1o ey}

holds for any tempered distribution S € . and for any ¢ € #c. If ¢ is a smooth compactly supported density
onRY, n(x) =np(nx) and 1 <r < oo then

Jim [|S % @n— Sl =0, SeSLNBL
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Proof. The inequality

|(S* @) % F_1¢j];r = IS * F-10j* @lir <min{l|S « F_16jll1all@ll s, llg * F-16jll1alIS s }

holds by the Young inequality. In the second case,
[ (S % @n)« F_1¢j— S F_1¢j| s =||(S* F_1¢)) % on — S F_16j] s

converges to zero as n — oo and is bounded by 2||S *.%_1¢;||;r. Hence the second claim follows from
the Lebesgue dominated convergence theorem. O

A.2. Measurability in homogeneous Besov spaces

Proposition A.6. Let 1 <1 < 00, s € R, let (X, X) be a measure space and let S : X — %' be such that (S, ¢)
is X-measurable for every ¢ € 2. Then A= {x e X: S(x) € BS} e X and 145 : 2 — BS is Borel measurable.

Proof. Let T € Bﬁ. The mapping X x R — C: (x,2) > (Sx = T) * §*1¢j(z) is X'-measurable in the
first variable and continuous in the second one, hence, by the Carathéodory theorem, it is jointly
measurable. Consequently, x — ||(Sx — T) * ﬁ”@”u is X'-measurable and so x+—> ||Sy — T”Bﬁ is X-

measurable. In particular, A € X. The sets {x: 1455 € K} belong to X" if K is a ball in Bﬁ and, since
B; is separable by Proposition A.1, 14S : X — B} is Borel measurable. O
A.3. Transformations in homogeneous Besov and Lebesgue spaces

We use the classical notation

1 1 1
a=5-—.  p0= ia(r) yr =@—Da@),  5r)=de

1
and the convention |[u||;: = (f]Rd lu|tdx)t for t > 0.

Lemma A7. Let ¢ = 24t s € R such that 1 < 8(s) < %, ae(0,00),7€[2,00),pe(0,3],b=
ad

m, =q(8(s) — 1) and h: R — R be a locally Lipschitz function satisfying h(0) = 0 and
I -
[h'(t)| < c|t|® for a.e. t € R. Then there exists C < oo such that

lullzs < Cllul® 1||u|| 2dv Ih@)] <CIIUIIB%IIUII‘Z;J
T
q

q

hold for every u € H'(RY). Ifa = 0 then IRl g < cliufly holds for every u € H' (RY).
Proof. Let a > 0. Then Lemma 3.2 in [11] implies that

||h(U)||Bf/ < cllullgp llullf

holds for every u € HY(RY) where t € [q, 00) is chosen such that p + §(t) = % +8(q), and ”””Bf <

.1 .
lul| 1 by the Sobolev embedding (A.12) in [11]. It holds that B; < B? C L€ where ¢ = dzzdfﬁl)] by
Bq



M. Ondrejdt / J. Differential Equations 248 (2010) 1579-1602 1599

the Sobolev embedding (e.g. Lemma A.2 in [11]), the generalized Minkowski inequality and Theo-
rem 5.2.3/1 in [30]. Hence, by the Riesz-Thorin interpolation,

lulls < fullfelulls 2d <clull?y lull'
Ld— qu Ld—z

If a=0 then Lemma 3.2 in [11] implies that ||h(u)||Bg < c||u||B§ and
Il g < collullly P Iull, < crliulll; P lullf, < cllully
By = B9 Bl S A1 S H

by interpolation and the fact that B) = 12 and B} = A' e.g. by Theorem 5.2.3/1 and Remark 5.2.3/1
in [30]. O

Lemma A.8. Let ¢ = 22+}, o<wg g-H' a €[0,00), h: R — R be a locally Lipschitz function such that

h(0) =0 and |h'(t)| < c|t|? for a.e. t € R. There exists a constant C such that

[ Ke(e' h<u))||1+||1<t( -'>h<u))||B_%<C(||u||H1+|y|%||u||Lz)

q

holds for every u € H', t e R and y € RY if a = 0 (the case w = 0),

[ke(r@)l 3 + [Keha)] -y < < It~ Ju) ””"L(“)—M

q Bq
holdsforeveryueH1andteRifa:d%(thecasew_mandy 0),
i(y.. ity _ 1+ —q(3-w)
|Ke (e na) | 1 + | Ke(e Y ha)| o < Cle™ u' 9Gw) )y 720
B} B, ? qu -2
Cwy o b g 2 ~a(3— )
+Cle Tyl T ) || ||
Bf
holdsforeveryueHl,teRifa:%,%gwgdz;d]andye]l%d,and
2 d_
| Ke (e h<u>)|| 3+ [ Ke(eha)] g < Cllul 3 el ™2 + |y|q||u||d;)
Bq q Ld-2 Ld—

holds for every y e R%, u € H' and t € R ifa = %5 (the case w = 0).

Proof. Let us define Io& = .Z_1{|x|° - F&} and Uyé = .ZF_1{e!™ . Z¢) for 0 € R and & € 2. Then,
for r € R such that w =y (1),

10Ty < collu s, <cy |UeUssp0r®) | -0 < c3ltl ™ Msip oo
<caltl VlEl, t#0, £ 2,

holds by (A.12) in [11], Theorem 5.2.3/1(i
$()—3=1—2 and p=s+26(r) =
we get

[30] and the inequality (3.14) in [10] where s =5(q) —

) in
% %—}- e [%, 11. Applying Lemma 3.2 in [11] and Lemma A.7,



1600 M. Ondrejdt / J. Differential Equations 248 (2010) 1579-1602

Lr’)

a+1
<es(lull g lul® w +1yPIulfEs,,.)
B LT+w

Hei(y,->h(u)”3f/ < CS(Hh(u)HBf, + yIP||hw)|

1+

if a > 0 and the result now follows from the Riesz-Thorin interpolation part of Lemma A.7. If a =
w =0 then r =2 and so

|e!hqu) ||B§ < c5(||h(u)}|B§ +1yIP|h@w) | 2)
<cs(llullg + 1yIPllull2)
by Lemma A.7. O

Lemma A.9. Let q = 2%, s= 2% and let h; : R — R, i =1, 2, be locally Lipschitz functions satisfying

hi(0) =0, |, ()] < c(1 + [t|72) and |, ()] < c(1 + |t|=2) for a.e. t € R. Then
IKe(h1(@1) —hi(@2) | o < (it + |f|7%)||<.01 —@2lla (1+ ||<P1||Lds%2 + ||§02||fs%2),
K€ [hatpr) — ha@)]) |0 < cit] + 1673 lpr — g2llus (1 + g1 157 + g2l &)
hold for every t £0, ; e Hl and y € R? where K; was defined in (9.1).

Proof. See (3.44) and (3.45) in [11] for the first inequality and Lemma 27 in [22] for the second
one. O

Proposition A.10. Let ¢ = 2% and consider the operators (T;) introduced in (9.1). Then there exists a con-
stant C < oo such that

o
q q
/||Tt2||'% 1 dt<C||Z||H1@L2
s By @By

holds for every z ¢ H! @ L2.
Proof. See Proposition 3.1 in [10]. O
Proposition A11. Let 2 <r <oo,s € Randlet X € {L", Bﬁ}. Then there exists a constant ¢, < oo such that
10 1%, 1, %0 <cr<2ﬂ>7d/ [0(e™) |5 mady)
Rd

holds, provided that the right-hand side is finite, for any operator O : C, — 2 defined as

06=F_1{m-Fh-&}, £eCy,
where h is a real tempered function on RY and m € C®(R? \ {0}) satisfies

|D*m(x)| < co (IXI7™ + X", x#£0,

for every multiindex o and some ny, € N.
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Proof. See Theorem 28 in [22]. O

Lemma A.12 (Hardy-Littlewood-Sobolev). Leta € (0,1) and r € (%, o0). Then there exists ¢ < oo such that

00 00 r
/ / It —sI™%©)¥(s)ds | dt <cllolrg)llvll” 1

LT=a (R)
—00 ‘=00

holds for every measurable nonnegative functions ¢, .

Proof. It holds that 0 <1 + % —a <1 so there exists 1 < p < oo such that a + % =1+ % Hence, by
the Hardy-Littlewood-Sobolev theorem, we get

oo o¢] r
/ f|t—s|‘“<p(s)w(s)ds dt<c||<pw||;p®<c||<p||zr(R)||w|;%a(R). O
-0 =00
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